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Abstract. In this paper we show a systematical method to obtain exact solutions of the nonautonomous
nonlinear Schro¨dinger (NLS) equation. An integrable condition is first obtained by the Painleve´ analysis,
which is shown to be consistent with that obtained by the Lax pair method. Under this condition, we
present a general transformation, which can directly convert all allowed exact solutions of the standard NLS
equation into the corresponding exact solutions of the nonautonomous NLS equation. The method is quite
powerful since the standard NLS equation has been well studied in the past decades and its exact solutions
are vast in the literature. The result provides an effective way to control the soliton dynamics. Finally, the
fundamental bright and dark solitons are taken as examples to demonstrate its explicit applications.
PACS. 05.45.Yv Solitons – 42.65.Tg Optical solitons; nonlinear guided waves – 03.75.Lm Tunneling,
Josephson effect, BoseCEinstein condensates in periodic potentials, solitons, vortices, and topological ex-
citations
1 Introduction
The standard nonlinear Schro¨dinger (NLS) equation
i
∂
∂T
Q(X,T ) + ε
∂2
∂X2
Q(X,T ) + δ|Q(X,T )|2Q(X,T ) = 0,
(1)
where ε and δ are constants, is a fundamental nonlin-
ear equation to govern system dynamics in many differ-
ent fields such as Bose-Einstein condensates (BEC)[1,2,
3] and nonlinear optics[4,5]. The nature of Eq. (1) has
been extensively explored in past decades by many dif-
ferent ways and its exact solutions including soliton [6]
are vast in the literature. For a review, one can refer to
Ref. [7]. When applied to different contexts, Eq. (1) has
many different extensions. For example, in BEC an addi-
tional harmonic external potential is needed, the resulted
equation is well known as Gross-Pitaevskii equation. In
addition, the concept of soliton management has been ex-
tensively explored in recent years[8]. The goal is to control
effectively the soliton dynamics. In BEC, the nonlinear in-
teraction can been easily tuned by an external magnetic
field, namely the Feshbach resonance management[9,10].
On the other hand, in the context of optical soliton com-
munication, the dispersion management has been explored
extensively to improve the optical soliton communication
[11,12]. In both cases, the basic equation to describe the
system dynamics should be a generalized nonautonomous
NLS equation [13], which reads in one-dimensional(1D)
case
i
∂u(x, t)
∂t
+ ε f(x, t)
∂2u(x, t)
∂x2
+ δ g(x, t)|u(x, t)|2u(x, t)
+V (t)x2u(x, t) = 0. (2)
Here ε and δ are the same as those in Eq. (1) and f(x, t)
and g(x, t) are dimensionless control parameters of disper-
sion and nonlinear interaction, respectively. V (t) is time-
dependent harmonic trap potential in BEC, which is ab-
sent in optical transmission line. These coefficients are as-
sumed usually to be real.
Equation (2) and/or its similar versions are very dif-
ficult to solve because of the time- and space-dependent
dispersion and nonlinear interaction managements and the
presence of the external potential in BEC. Some special
solutions have been obtained by, for example, the Lax
pair method [13,14,15,16,17], the similarity transforma-
tion [18,19,20,21], and so on. However, a general method
to find solutions of Eq. (2) has not yet been obtained.
Here we obtain a general transformation, which can con-
vert all allowed exact solutions of the standard NLS equa-
tion (1) to the corresponding solutions of Eq. (2). To our
knowledge, the result is reported for the first time in the
literature, which provides a straightforward and systemat-
ical way to find the exact solution of the generalized NLS
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equation (2), as shown by two examples given in the final
part of the paper. Below we first show this transformation
is consistent with the Painleve´ integrability condition of
Eq. (2).
2 The Painleve´ analysis and Transformation
Motivated by the relationship between complete integra-
bility and the Painleve´ property of partial differential equa-
tions [22,23], we perform the WTC test [22] to study
possible integrability condition of Eq. (2). Following the
Kruskal ansatz [24] and the standard procedure of the
Painleve´ analysis [23], we obtain a compatibility condi-
tion
gt,t
g
−
2g2t
g2
+
f2t
f2
−
ft,t
f
+
gt
g
ft
f
+ 4εfV = 0, (3)
where the subscripts denote the time derivatives. Here we
should mention that the Painleve´ test requires that f(x, t)
and g(x, t) must be space-independent, i.e., f(x, t) = f(t)
and g(x, t) = g(t). It is interesting to note that this con-
dition is completely consistent with the integrability con-
dition obtained by Lax pair [13].
The complete integrability of Eq. (2) under the com-
patibility condition can also be further confirmed through
a transformation that reduces Eq. (2) to the standard NLS
equation (1). Below we look for such a transformation in
a general form of [25]
u(x, t) = Q(X(x, t), T (t))eia(x,t)+c(t), (4)
whereX(x, t), T (t), a(x, t) and c(t) are real functions to be
determined by the requirement that u(x, t) and Q(X,T )
are the solutions of Eqs. (2) and (1), respectively. Inserting
Eq. (4) into Eq. (2) and comparing with Eq. (1), we obtain
a set of differential equations, which have solutions under
the condition Eq. (3),
a(x, t) =
1
4 εf(t)
(
d
d t
ln
f(t)
g(t)
)
x2 + C1
g(t)
f(t)
x
−C21ε
∫
g(t′)2
f(t′)
d t′ + C2, (5)
X(x, t) =
g(t)
f(t)
x− 2C1 ε
∫
g(t′)2
f(t′)
dt′. (6)
T (t) =
∫
g2(t′)
f(t′)
d t′ + C3, (7)
c(t) =
1
2
ln
g(t)
f(t)
, (8)
where C1, C2, and C3 are constants related to the special
boundary conditions and the initial state. Here for sim-
plicity, they are set to be zero in the following discussions.
The Painleve´ integrability condition Eq. (3) is, in fact,
a subtle balance condition to keep the nonautonomous
systems integrable. From the management viewpoint of
the solitons[8], Eq. (3) also provides an effectively way to
manipulate the soliton dynamics. While any two parame-
ters among f(t), g(t), and V (t) are set, the remaining one
can be tuned according to Eq. (3) in order to control the
coherent dynamics of solitons. The applications of Eq. (3)
have been extensively explored in Ref. [13]. However, the
transformation Eqs. (5) - (8) have not been figured out
by the Lax pair method. Such transformations are quite
systematic in obtaining the exact solutions of the nonau-
tonomous NLS equation. For a given nonautonomous NLS
equation, we first check if the coefficients satisfy the com-
patibility condition Eq. (3). If it is true, then the nonau-
tonomous NLS equation can be reduced to the standard
NLS equation (1). All allowed exact solutions, including
the canonical solitons, of the standard NLS equation (1)
can thus be converted into the corresponding solutions of
the nonautonomous NLS equation. In this sense, a canoni-
cal soliton can be viewed as a “seed” of the corresponding
soliton-like solutions of Eq. (2) under the compatibility
condition Eq. (3).
Some remarks are in order. i) If f(t) = g(t) and V (t) =
0, the nonautonomous NLS equation Eq. (2) have the
canonical soliton solutions (up to a phase) regardless of
the explicit form of the time-dependent nonlinearity and
dispersion. This is because in this case the balance be-
tween nonlinearity and dispersion is kept. In this sense the
soliton-like solution of Eq. (2) is a quasi-canonical soli-
ton. ii) When g(t) 6= f(t), the original balance between
nonlinearity and dispersion is broken down. In this case
the canonical soliton must deform itself to build new bal-
ance between nonlinearity and dispersion. In this sense,
the soliton-like solution of Eq. (2) is a deformed canonical
soliton. The amplitude of the soliton will be scaled by the
factor of
√
g(t)/f(t), as shown by c(t). This clearly indi-
cates the influence of the dispersion and nonlinear man-
agements to the soliton behavior. iii) It is very interest-
ing to note that the confining harmonic external poten-
tial is absent in the transformation equations. However,
the presence of the potential affects the balance between
nonlinearity and dispersion and builds a deep connection
between the optical solitons and the matter-wave ones.
iv) If V (t) = 0, the solitons can be quasi-canonical or de-
formed depending on if f(t) is equal to g(t) or not, as
mentioned above. On the contrary, if V (t) 6= 0, Eq. (3)
indicates that f(t) 6= g(t). This means that the amplitude
of the soliton must change because of Eq. (8). This leads
to an important observation that there does not exist the
canonical and even quasi-canonical matter-wave solitons
under compatibility condition Eq. (3).
It is also helpful to mention some techniques to find
the soliton-like solutions of the nonautonomous NLS equa-
tion in the literature. The Lax pair analysis is very useful
in discussing integrability conditions [14,13,17]. A widely
used method is the similarity transformation [18,20,21],
which introduces some explicit transformation parame-
ters. These parameters are determined by a set of ordi-
nary differential equations, which in general case can not
be solved analytically, as emphasized in Ref. [20]. Another
similarity transformation reducing the nonautomonous NLS
equation to a stationary NLS one has also been intro-
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duced [26]. Alternatively, by the Lie point symme-
try group analysis [27], Eq. (2) or its similar ver-
sion can be classified into different classes and each
class can be converted into the corresponding rep-
resentative equation by some allowed transforma-
tions. As a result, the exact solutions of the rep-
resentative equation can be transformed into the
corresponding solutions of the equations in the
same class. However, it was also pointed out in [27]
that in most cases it is difficult to obtain the exact
solutions of these representative equations and the
integrability of certain representative equations is
unclear. Quite different from these techniques, the
present work focuses on the integrability of Eq. (2)
and builds a deep connection between the nonau-
tonomous NLS equation and its autonomous coun-
terpart, which provides a more systematical way
to find solutions of the nonautonomous NLS equa-
tion. Moreover, the corresponding transformation
formulas are explicit and straightforward. In addi-
tion, from the control viewpoint, our method also provides
an effective way to control the soliton dynamics, as men-
tioned above.
3 Applications
Although the transformation obtained can be applied to
all allowed exact solutions of the standard NLS equation,
the further discussion is purposely restricted to the fun-
damental bright and dark soliton solutions of the nonau-
tonomous NLS equation without the harmonic external
potential, which is enough to show how the soliton dynam-
ics is controlled by corresponding tunable parameters. In
this case, Eq. (3) becomes
f(t) = g(t) exp
(
−α
∫
g(t′) d t′
)
, (9)
where α is a constant and the transformation equations
(5)-(8) become
a(x, t) = −
α
4
exp(Gα(t))x
2,
X(x, t) = exp(Gα(t))x,
T (t) =
∫
dt′ g(t′) exp(Gα(t
′))
, and
c(t) = (1/2)Gα(t),
where Gα(t) = α
∫ t
0
g(t′) d t′.
When ε = 1/2 and δ = 1 (δε > 0), Eq. (1) has the
fundamental canonical bright soliton solution Q(X,T ) =
sech(X) exp(iT/2) and when ε = −1/2 and δ = 1 (δε <
0), the fundamental dark soliton solution of Eq. (1) has the
form of Q(X,T ) = tanh(X) exp(iT ). Starting from these
two solutions, we show the corresponding soliton solutions
of Eq. (2) for four different cases: g(t) = 1, exp(t), exp(−t),
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Fig. 1. (a) The canonical bright soliton of Eq. (1) with ε = 1/2
and δ = 1 and the corresponding bright soliton-like solutions
of Eq. (2) for different nonlinearity modulations: (b) g(t) =
exp(t), (c) g(t) = exp(−t), (d) g(t) = cos(t), and (e) g(t) = 1.
In all cases α = 1.
and cos(t), which represent constant, enhancement, sup-
pression, and periodic modulations of nonlinearity, respec-
tively. We emphasize that these modulations can be read-
ily realized, for example, by the Feshbach resonance tech-
nique in the Bose-Einstein condensate context. The corre-
sponding dispersion modulations follow Eq. (9). It is noted
that α = 0 leads to G0(t) = 0, which is trivial up to a
phase, as mentioned above. A nonzero α has nontrivial
results and without loss of generality we take α = 1 be-
low. In Fig. 1 and Fig. 2 we explicitly present the bright
soliton-like and the dark soliton-like solutions for four dif-
ferent nonlinearity modulations, respectively. For compar-
ison, we also plot the canonical solitons, as shown in Fig.
1(a) and Fig. 2(a), respectively.
Fig. 1(b) and (c) show that the canonical bright soliton
becomes more and more either sharper or broader depend-
ing on enhancement or suppression of the nonlinearity.
When the nonlinearity keeps unchanged and the disper-
sion is suppressed, the canonical bright soliton also be-
comes more and more sharper, as shown in Fig. 1(e). This
can be understood by the fact that the soliton is due to the
balance between dispersion and nonlinearity. Most inter-
esting case is Fig. 1(d), where the nonlinearity modulation
is periodic. As a result, the canonical bright soliton is also
modulated periodically. All these results indicate that the
bright soliton-like solution and its canonical counterpart
has a close relationship. For different nonlinearity modula-
tions, we have checked the integration of
∫
|u(x, t)|2dx and
found it keeps unchange in time, which further shows the
nature of the bright soliton-like solutions of Eq. (2). The
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Fig. 2. The canonical dark soliton of Eq. (1) with ε = −1/2
and δ = 1 and the corresponding dark soliton-like solutions of
Eq. (2) for different nonlinearity modulations same as those
in Fig. 2. For clarity, the amplitude of the dark soliton-like
solutions is normalized by ηt = exp
(
1
2
G1(t)
)
.
similar result is also true to the dark soliton-like solutions,
as shown in Fig. 2. These results shed light on the under-
standing of the soliton dynamics and provide an exact way
to make a dispersion and/or nonlinearity management of
solitons. It is expected to have a realistic application to
the optical soliton communication technologies and the
matter-wave soliton dynamics.
Finally, it should be pointed out that the present anal-
ysis can also be applied to all exact solutions of Eq. (1),
including the multi-soliton cases. This provide a system-
atical way to study the dynamics of the nonautonomous
NLS equation.
4 Conclusion
We propose a systematical way to find the exact solutions
of the nonautonomous NLS equation. The nonautonomous
NLS system obtained are completely integrable and the
soliton-like solutions result from a balance between disper-
sion, nonlinearity, and/or an external potential applied,
just like the canonical soliton. This result builds a unified
picture of the nonautonomous and canonical NLS equa-
tions and provides an effective way to control the soliton
dynamics.
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